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Abstract
Using the Mathai-Quillen formalism we reexamine the twisted N = 4 super-
symmetric model of Vafa-Witten theory. Smooth out the relation between the
supersymmetric action and the path integral representation of the Thom class.
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1 Introduction
Recently Edward Witten made a breakthrough on the Donaldson theory by his magical
monopole equation [1]. He made also important developments with N.Seiberg and C.Vafa
[2,3,4] in his topological field theory[5]. These developments enrich the Donaldson theory
enormously, so that it can be explicitly described by using of quantum field theories in
variours supersymmetric models. In reference [4] the partition functions of a twisted
N = 4 supersymmetric Yang-Mills theory were computed on certain 4-manifolds and
shown to satisfy the remarkable Montonen-Olive ”S-duality conjectures”. One important
part of this story is that this model express the partition function as an Euler characteristic
of the moduli space of instantons.
However, it seems to us that two things might be improved. The first is in their paper,
the gauge transformation parameter, field Φ, is independent of the curvature derived from
the connection on a vector bundle with instanton moduli space (precisely, moduli space
dividing by gauge group) as its base space. We know that this connection is defined
through the action of gauge group[6,7]. There must be close relation between them. The
second is that the connection we refer to is an object, which is hard to generalize to a
superfield. Of couse, there would be two ways to treat this object. One was to consider
it as a functional of a superfield. The other was thinking of it as a component of a
supermultiplets, which can be made of a new superfield. But both lead to strange gauge
transformation rules and great complications. It is pleasure to smooth these problems.
In this paper, we would like to assume that the gauge parameter Φ is identified with
the ”curvature” (we will give the exact meaning of it in the section 3) on the bundle with
instanton base space. By using of the Mathai-Quillen formula we develop the partition
function of Vafa-Witten theory in the Cartan model[8,9,10]. The result is equal to a
Yamron’s action (with a missing term added)[11]. Under suitable vanishing theorems,
which were discussed carefully by Vafa and Witten, this partition function is expressed
by an Euler characteristic (equivalently, a Thom class) strictly.
2 Mathai-Quillen formulae of Thom class
Since Witten and his colleagues have expressed a partition function (more generally,
correlation function) of topological field as the Euler characteristic, it is quite nature that
the celebrated Mathai-Quillen formulae of Thom class[8] are very powerful tools[10.12].
Let us recall something related. Let E be an oriented real vector bundle of rank 2m, with
base space M and standard fiber V , and
s :M → E
2
be the zero section. The Euler class can be obtained through the pull back of map S from
Thom class Φ(E),
e(E) = s∗Φ(E).
Mathai and Quillen found an explicit formula for the universal Thom class U [8,10]. The
criteria are 1) basic. 2) closed, 3) the integration along the fiber is equal to unity,
∫
V U = 1.
The last criteron is connected with the definition of Thom class [13]: the inverse of push
forward of 1 ∈ H0(M) is defined as Thom class, π−1∗ = Φ(E) ∈ H
2m
V RD(E), in which
”VRD” denotes that ”rapid decrease along fiber”, which is equivalent to the ”vertical
compact supports”. The formulae make use of equivariant cohomology in which the Weil
algebra plays the part of the universal bundle. In terms of generators the Weil algbra
W (g) is expressed as follows[14]
dwθ = φ− θ
2, dwφ = φθ − θφ, (1)
θ = Tiθ
i, φ = Tiφ
i, Ti ∈ SO(2m).
Through the Chern-Weil homomorphism (the basic form see for example [8] or [10])
(W (g)⊗ Ω(V ))basic ≡ ΩG(V )→ Ω(E),
we get the real differential form on the vector bundle –partition function of the moduli
space.
There are three expressions for the universal Thom class. The first two are [8,10]
U =
1
(2π)m
Pfaffian(φ)e−
1
2λ
<χ,χ>− 1
2λ
<∇χ,φ−1∇χ> (2)
and
U =
λm
(2π)m
e−
1
2λ
<χ,χ>
∫
dρexp
{
1
2λ
< ρ, φρ > +
i
λ
< ∇χ, ρ >
}
, (3)
in which inner product is defined on V , ρ is an antighost variable, and
∇χ = dx+ θχ. (4)
Following Vafa and Witten we also introduce a parameter λ in the formulae. From these
two expressions criteria 1) and 3) are easily proved[8,10]. (The integration representation
(3) derives from (2) through a Gauss integration by use of φT = −φ ). To check the
criterion 2) so that we can write down the partition function of the model later, we need
the third expression.
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As usual we introduce again a zero ghost number field π to complete the enlarged
equivariant cohomology complex W (g)⊗ Ω(V )⊗ Ω(ΠV ∗) (the Π signifies that the coor-
dinates are to be regarded as anticommuting, see [10]). But, instead of the common used
deRham differential δρ = π, δπ = 0[10] we use the Vafa-Witten mechanism. Let δ = dw
for Weil algebra, and
δρ = π − θρ,
δπ = −θπ + φρ. (5)
It is easy to prove from (1) and (5) that δ2 = 0. Let Q = d+δ, d is the exterior differential
on Ω(V ), we then have the third formula
U =
1
(2π)2m
∫
V ∗×ΠV ∗
2m∏
m=1
dπndρne
[Q,Ψ], (6)
in which the gauge fermion is
Ψ =
1
2λ
ρ(2iχ− π). (7)
The close of Thom form U follows from the following observation:
(d+ dw)
∫
(· · ·) =
∫
[Q, (· · ·)] = 0. (8)
When U is transferred to a partition function of a real field model through the Chern-
Weil homomorphism, the generators of Weil algebra will correspond the connection Θ and
curvature Φ on the vector bundle of moduli space respectively:
θ → Θ, φ→ Φ. (9)
3 Gauge invariance and Cartan model
Now, let us consider the case δ2 6= 0, corresponding a gauge transformation. Let U denotes
the priciple bundle consisting of Yang-Mills potentials. Locally it can be parametrized by
A = g−1ag + g−1dg, a ∈ orbitU/G, g ∈ gauge groupG. (10)
It gives (δd+ dδ = 0)
δA = g−1δag −DA
(
g−1δg
)
, (11)
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where
DAΛ = dΛ + AΛ− (−)
pΛA, (12)
p is the parity of Λ(counting of both d and δ). A connection can be introduced on U [6].
Θ = −GAD
†
AδA, GA = (D
†
ADA)
−1, (13)
such that
Θ|fiber = g
−1δg. (14)
Up to a zero mode of D†A we may write
δA = −DAΘ. (15)
From this connection a formal ”curvature” is derived as
Φ = δΘ+Θ2, Φ|fiber = g
−1δ2g. (16)
We can define the local gauge transformation in case at hand,
δG = ǫδ
2 (17)
wher ǫ is a Grassmann number anticommuting with d and δ, so that
δGA = g
−1δGag −DA(g
−1δGg). (18)
And eq.(15) leads to
δGA = −DAǫΦ = ǫDAΦ. (19)
However, this Φ does not transform like a curvature under a ”bundle gauge transforma-
tion” Θ→ Θ′ = h−1Θh+ h−1δh. So we have to define a real curvature Ω as follows. Let
Θ = δAiΘi, then we have
Φ = δ2AiΘi + Ω, Ω =
1
2
δAiδAjΩij . (20)
Any way we may have
δA = Ψ, δΨ = DAΦ. (21)
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If we again use the correspondence between Weil algebra and connection as well as
curvature (9), the Weil algebra must change to
d′wθ = φ− θ
2, d′w = d
′
w
2
θ2 + φθ − θφ. (22)
Changing eq.(5) also to (see [4])
δρ = π − θρ,
δπ = −θπ + Ωρ, (23)
we find that
[Q,Ψ] = −
1
2λ
(π − iχ)2 −
1
2λ
< χ, χ > +
1
2λ
< ρ,Ωρ > +
i
λ
< ∇χ, ρ > . (24)
So we have the same expressions in the first two formulae for Thom class (2) and (3), with
Ω instead of Φ only. And the criteria 1) and 3) for Thom form are satisfied. To require
that the form is closed, the gauge fermion Ψ must be gauge invariant, i.e. {Q[Q,Ψ]} = 0.
As a matter of fact, however, we find that
{Q[Q,Ψ]} = −
1
2λ
{
2iρ(Ω− Φ)χ + δ2AiδAj)ρΩijρ
}
6= 0.
To overcome this difficult we have to choose the Cartan model S(g∗)⊗ Ω(V ),
θ → 0, d→ dc = d− iφ. (25)
where iφ is the contraction operator [8,9,10]. In the case at hand, Ω is undistinguishable
from Φ. Let δ = dc on Ω(V ), and
δρ = π,
δπ = φρ. (26)
It is easy to check that
δΨ = [Qc,Ψ] = −
1
2λ
(π − iχ)2 −
1
2λ
< χ, χ > +
1
2λ
< ρ, φρ > +
i
λ
< dχ, ρ > . (27)
Keeping correct the properties 1) and 3), it is also clear that
{Qc[Qc,Ψ]} = 0, (28)
so that
U =
1
(2π)m
∫
V ∗×ΠV ∗
2m∏
n=1
dρndπne
[Qc,Ψ] (29)
is closed. Cartan model is also a favorable matter, because of that to construct Donaldson
invariants from quantum field theory we need [5,2,12]
δφ = 0. (30)
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4 Projection by the gauge freedom
When we treat the topological Yang-Mills theory, the gauge invariance must be considered.
The moduli space should be divided by G = Ggauge, and in fact we will compute the Euler
characteristic of the quotient bundle E/G. This can be done by introducing two new
fields φ¯, η of ghost number -2 and -1 respectively. And let
δφ¯ = [Qc, φ¯] = η,
δη = [Qc, η] = [φ¯, φ]. (31)
The consequence of the gauge invariance leads to a projection gauge fermion[10]
Ψproj = ψDφ¯, (32)
where ψ is defined in eq.(21). The Thom class of interest becomes the following form
(t = dimG)
Φ(E/G) =
1
(2π)m+tit
∫ ∏
dφ¯dηdρdπe[Qc,Ψtot], (33)
Ψtot = Ψlocal +Ψproj. +Ψnon. (34)
in which Ψlocal = Ψ is the localized gauge fermion (7) obtained earlier, and Ψnon. is a
possible nonminimal term[4].
5 N = 4 twisted supersymmetric Yang-Mills model
Now we are in the position to construct the concret model. LetM denote the moduli space
of antiselfdual instantons, V denote the fiber, what we are interested in is the vector bundle
ε =M×GV. Through out the Chern-Weil homomorphism we will introduce various fields
to realize the Thom form, the partition function. Before that, as is pointed out by Vafa
and Witten, when the parameter λ approaches to zero the integral leads to a trivial
results but with signs, a standard theorem that the Euler class of a bundle is computed
by counting the zeros of a section, weighted with signs. To avoid the cancellation of Euler
class due to different signs they invent a way of doubling the number of fields.
Therefore we have all of the twisted N = 4 supersymmetric fields[4] (The ghost num-
bers are marked in the brackets):
Ai, Bij (0) coordinates of moduli space;
ψi, ψ˜ij (1) tangent to the moduli manifold,
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the super partners of Ai, Bij respectively;
χij, χ˜i (−1) for ρ, coordinates of fiber;
Hij, H˜i (0) for π, auxiliary fields, the super
partners of χij, χ˜i respectively;
φ(2), φ˜(−2), η(−1) associated with the symmetry group G,
the same fields we have used;
C(0), ξ(1) associated with the symmetries,
reprsenting the horizontal projection,
in which the supermultiplet (Ai, ψi) have presented in eq.(21). Moreover, we have also to
substitute the coordinates χ in the Thom form by the section pairs[4]
Sij = F
†
ij +
i
2
[C,B†ij] + α[B
†
ki, B
†k
j ], (35)
and
ki = 2D
jB†ij +
1
2i
DiC, (36)
in which α is a constant, F †ij and B
†
ij are antiself-dual part of Fij = ∂iAj − ∂jAi+ [Ai, Aj]
and Bij( we will omit the symbol † for B
†
ij for simplicity). Noting that the projection
gauge fermion needs also doubled we obtain the partition function of the model as follows
Z = N
∫
[dΣ]exp {Qc(Ψlocal +Ψproj. +Ψnon.} , (37)
where [dΣ] is the measure consisting of all of the thirteen fields, N is the normalization
constant,
Ψlocal = Tr
{
χij(2iF †ij − [C,Bij] + 2iα[Bki, Bj
k]−Hij
+χ˜i(4iDjBij +DiC − H˜i)
}
, (38)
and
Ψproj = −Tr
{
ψiDiφ˜+ ψ˜
ij [Bij, φ˜]
}
, (39)
one may also have
Ψnon = βTr
{
η[φ˜, φ] + 2C[φ˜, ξ]
}
, β = const. (40)
It is clear that if there are suitable vanishing theorems as was discussed carefully by Vafa
and Witten,i.e. Bij = C = 0 [4], set β = 0 the partition function identifies a Thom class
(equivalently, an Euler characteristic).
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6 BRST and anti BRST transformations
One more point we would like to explain is that the twisted N = 4 system has N =
2 topological symmetry and an SU(2) symmetry. We have not only a Q1 ≡ Qc, but
QA A = 1, 2 pair. One is thought of a BRST operator, the other can be identified with
an anti BRST charge[11]. Let us introduce following superfields:
T i = ∂i + Ai + θAψiA +
ǫABθ
AθB
2
H˜ i, (41)
in which ψi1 = ψ
i, ψi2 = χ˜
i;
Y ij = Bij + θAχijA +
ǫABθ
AθB
2
H ij , (42)
in which χij1 = ψ˜
ij, χij2 = χ
ij;
XAB = φAB +
1
2
(θAηB + θBηA)−
ǫCDθ
CθD
4
[φAE, φ
E
B], (43)
in which φ11 = φ
22 = φ, φ22 = φ
11 = φ˜, and φ12 = φ21 = −φ
12 = −φ21 = C. The
supersymmetry transformations are determined by
QA =
∂
∂θA
+ θB[φAB, ·] +
ǫBCθ
BθC
4
[ηA, ·], (44)
in which we add a two θ term so that the three transformation rules derived from the
superfield XAB are selfconsistant. And it also gives the same transformation laws as
Yamron’s[11]. In fact, the transformation laws may write as
δS = ǫA[QA, S], S = T
i, Y ij , XAB. (45)
More detail we get
δAi = ǫ1ψi + ǫ2χ˜i,
δψi = ǫ1Diφ− ǫ2(H˜ i −DiC),
δχ˜i = ǫ1(H˜ i +DiC) + ǫ2Diφ˜,
δH˜ i = ǫ1
(
[C, ψi]− [φ, χ˜i]−
1
2
Diξ
)
+ ǫ2
(
[φ˜, ψi]− [C, χ˜i]−
1
2
Diη
)
,
δBij = ǫ1ψ˜ij + ǫ2χij ,
δψ˜ij = ǫ1[Bij , φ]− ǫ2
(
H ij + [C,Bij]
)
,
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δχij = ǫ1
(
H ij − [C,Bij]
)
− ǫ2[φ˜, Bij],
δH ij = ǫ1
(
[C, ψ˜ij]− [φ, χij] +
1
2
[ξ, Bij]
)
+ǫ2
(
[φ˜, ψ˜ij]− [C, χij] +
1
2
[η, Bij]
)
,
δφ = −ǫ2ξ,
δC =
1
2
(ǫ1ξ − ǫ2η),
δφ˜ = ǫ1η,
δη = ǫ1[φ˜, φ] + 2ǫ2[φ˜, C],
δξ = 2ǫ1[C, φ] + ǫ2[φ˜, φ]. (46)
For the parts proportional to ǫ1 we find the transformation laws we used before. Using
the anti-BRST transformations (proportional to ǫ2 ) we can prove that
Ψtot = Q2W, (47)
W = Tr
{
Bij(2iFij −Hij) +
2iα
3
Bij[Bk
i, Bjk]
+ψiχ˜i + βφAB[φC
A, φBC ]
}
. (48)
In conclusion, we have
Z = N
∫
[dΣ]e
1
2
{QA[QA,W ]}. (49)
It agrees with the action obtained by Yamron except an added term Bij[Bk
i, Bjk].
7 Summary
To sum up, we have derived the partition function of the twisted N = 4 supersymmetric
Yang-Mills theory, and it reduces to the Euler characteristic under suitable vanishing
theorems. We can also integrate over auxiliary fields, the main part of the result have
already presented in Vafa-Witten’s paper[4], i.e. |s|2 + |k|2. One interesting thing is to
find the corresponding formulae in the Weil model. This relats to that how to combine a
basic form with the gauge transformation, or how to find a gauge invariant gauge fermion.
We have not found the answer yet.
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